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SYMMETRY CLASSES OF TENSORS AND SEMI-DIRECT PRODUCT
OF FINITE ABELIAN GROUPS
KIJTI RODTES AND KUNLATHIDA CHIMLA
Abstract. In the study of symmetry classes of tensors, finding examples of symmetry
classes of tensors that possess an o*-basis is of considerable interest. There are only few
classes of groups that have been provided a necessary and sufficient condition for having
such a basis. There is no general criterion for any finite groups yet. In this note, we
provide a necessary and sufficient condition for the existence of o*-basis of symmetry
classes of tensors associated with semi-direct product of some finite abelian groups and,
consequently, their wreath product.
1. Introduction
Many branches of pure and applied mathematics: combinatorial theory, matrix theory,
operator theory, group representation theory, differential geometry, partial differential
equations, quantum mechanics and other areas motivate the study of symmetry classes
of tensors [3]. In particular, finding examples of (higher) symmetry classes of tensors
that possesses a special basis (o*-basis) raised by B.Y. Wang and M.P. Gong in [17] is of
considerable interest.
Necessary and sufficient conditions for the existence of o*-basis of symmetry classes of
tensors are provided in few classes of groups; for example, dihedral groups, [9], dicyclic
groups, [4], semi-dihedral groups, [11], non abelian groups of order pq, [14], some subgroups
of full symmetric groups and some types of p-groups in [8]. For any finite group, there is
a necessary condition provided in [16].
It is well known that a finite group G can be decomposed as a semi-direct product
G = A⋊φ H of a group A by H if and only if the short exact sequence
{e} −→ A −→ G −→ H −→ {e}
splits. Note also that not every short exact sequence splits and then some extension groups
of A by H can not always be written as a semi-direct product but it is a subgroup of some
wreath product A ≀ΩH, for some H-set Ω (universal embedding theorem). Wreath product
is defined via semi-direct product and it can be used to construct a lot of interesting
groups. However, many well known groups can be written as a semi-direct product of
finite abelian groups; for example, dihedral groups, semi-dihedral groups, non-abelian
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groups of order pq and Z-groups (group in which its Sylow subgroups are all cyclic and
this groups have applications in the classification of finite groups, [18]). In this article,
we provide a necessary and sufficient condition for the existence of o*-basis of symmetry
classes of tensors associated with semi-direct product of some finite abelian groups and,
consequently, their wreath product.
2. Preliminary
Let V be an n-dimensional complex inner product space with an orthonormal basis
B = {e1, . . . , en}. Then, the m-folds tensor space V
⊗m := V ⊗ V ⊗ · · · ⊗ V has B⊗m =
{e⊗α |α ∈ Γm,n} as an orthonormal basis (with respect to the induced inner product),
where Γm,n is the set of all sequences α = (α1, . . . , αm), with 1 ≤ αi ≤ n and
e⊗α = eα1 ⊗ · · · ⊗ eαm .
Let G be a subgroup of Sm. Define the action of G on Γm,n by
ασ = (ασ−1(1), . . . , ασ−1(m)).
The space V ⊗m is a left CG-module with the action given by σe⊗ = e⊗
ασ−1
for each
σ ∈ G,α ∈ Γm,n, extended linearly. Under this action, the induced inner product on V
⊗m
is G-invariant. Let O(α) = {ασ |σ ∈ G} be the orbit of α. We write α ∼ β if α and β
belong to the same orbit in Γm,n. Let ∆ be a system of distinct representatives of the
orbits. We denote by Gα the stabilizer subgroup of α, i.e., Gα = {σ ∈ G |ασ = α}.
For any σ ∈ G, define the operator Pσ : V
⊗m −→ V ⊗m on the m-folds tensor space by
Pσ(v1 ⊗ · · · ⊗ vm) = vσ−1(1) ⊗ · · · ⊗ vσ−1(m).
Let Irr(G) be the set of all irreducible characters of G. For each χ ∈ Irr(G), the symmetry
classes of tensors associated with G and χ is the image of the symmetry operator
T (G,χ) =
χ(e)
|G|
∑
σ∈G
χ(σ)Pσ ,
and it is denoted by Vχ(G). We say that the tensor T (G,χ)(v1⊗· · ·⊗vm) is a decomposable
symmetrized tensor, and we denote it by v1 ∗ · · · ∗ vm. The dimension of Vχ(G) is given by
dim(Vχ(G)) =
χ(e)
|G|
∑
σ∈G
χ(σ)nc(σ),
where c(σ) is the number of cycles, including cycles of length one, in the disjoint cycle
factorization of σ; see [13].
The inner product on V induces an G-invariant inner product on V ⊗m and hence on
Vχ(G) which satisfies
〈v1 ∗ · · · ∗ vm, u1 ∗ · · · ∗ um〉 =
χ(e)
|G|
∑
σ∈G
χ(σ)
m∏
i=1
〈vi, uσ(i)〉 =
χ(e)
|G|
dGχ (A),
where Aij = 〈vi, uj〉 and d
G
χ is the generalized matrix function defined by d
G
χ (A) :=∑
σ∈G χ(σ)
∏m
i=1Aiσ(i). If vi’s and uj ’s are orthonormal vectors, then the formula becomes
(2.1) 〈e∗α, e
∗
β〉 =
{
0 if α ≁ β,
χ(1)
|G|
∑
σ∈Gβ
χ(σh−1) if α = βh.
3In particular, for σ1, σ2 ∈ G and α ∈ Γm,n, we have
(2.2) 〈e∗α, e
∗
ασ〉 =
χ(e)
|G|
∑
h∈Gα
χ(σh).
Since σe∗α = e
∗
ασ−1
for each σ [10, Lemma 1.3] and the induced inner product is G invariant,
(2.3) 〈e∗ασ1 , e
∗
ασ2
〉 = 〈e∗α, e
∗
ασ2σ
−1
1
〉,
for each σ1, σ2 in G and α ∈ Γm,n. Moreover, by (2.2),
‖ e∗α ‖
2=
χ(e)
|G|
∑
h∈Gα
χ(h).
By setting
∆ = {α ∈ ∆ |
∑
h∈Gα
χ(h) 6= 0},
we have e∗α 6= 0 if and only if α ∈ ∆.
For α ∈ ∆, V ∗α := 〈e
∗
ασ |σ ∈ G〉 is called the orbital subspace of Vχ(G). By (2.1), it
follows that
Vχ(G) =
⊕
α∈∆
V ∗α
is an orthogonal direct sum. In [6], it is proved that
(2.4) dim(V ∗α ) =
χ(e)
|Gα|
∑
h∈Gα
χ(h).
Thus, if χ is linear, then |χ(h)| ≤ 1, for each h ∈ Gα and thus dimV
∗
α ≤ χ(e) = 1 and
in this case, the set {e∗α |α ∈ ∆} is an orthogonal basis of Vχ(G). An orthogonal basis
which consists of the decomposable symmetrized tensors e∗α is called an orthogonal ∗-basis
or o*-basis for short. If χ is not linear, it is possible that Vχ(G) has no o*-basis. More
details and motivation for the study of symmetry classes of tensors can be found in [13].
To prove the main result, we also need some facts about vanishing sum of roots of unity.
For a given natural number m = pa11 p
a2
2 · · · p
at
t , suppose that ǫ1, ǫ2, ..., ǫk ∈ C are mth roots
of unity. The main result of T.Y. Lam and K. H. Leung in [12], asserts that
(2.5) if k /∈ N0〈{p1, . . . , pt}〉, then
∑k
i=1 ǫi 6= 0,
where N0〈{p1, . . . , pt}〉 = {k1p1+ · · ·+ ktpt | ki ∈ N0, for each 1 ≤ i ≤ t} and N0 is the set
of nonnegative integers.
3. Semi-direct product of finite abelian groups and Characters
Let A, H be finite groups with identity eA, eH , respectively. Let φ : H −→ Aut(A) be
a group homomorphism and we denote φ(h) by φh, for each h ∈ H. Let G = A⋊φ H. As
a set, G = {(a, h) | a ∈ A,h ∈ H}. Operation on the group G is given by
(a1, h1)(a2, h2) = (a1φh1(a2), h1h2),
for each (a1, h1) and (a2, h2) in G. The identity of the group G is (eA, eH) and the inverse of
(a, h) ∈ G is (φh−1(a
−1), h−1). Note that {(a, eH ) | a ∈ A} ∼= A is a normal subgroup of G
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and {(eA, h) |h ∈ H} ∼= H is a subgroup of G. It is also well known that G is a semi-direct
product of A by H if and only if the short exact sequence {e} −→ A −→ G −→ H −→ {e}
splits. Moreover, by Schur-Zassenhaus theorem, if G is a finite group and N is a normal
subgroup whose order is coprime to the order of the quotient G/N , then the short exact
sequence
{e} −→ N −→ G −→ G/N −→ {e}
splits, i.e., G is a semi-direct product of N by G/N .
Let Ω be an H-set (with the action φ) and let K be the direct product K =
∏
ω∈ΩAω
of copies of Aω = A by the set Ω. The elements of K can be seen as sequences (aω) of
elements of A indexed by Ω with componentwise multiplication. Then the action φ of H on
Ω extends in a natural way to an action φΩ of H on the group K by φΩ(h)(aω) := (ah−1ω).
Then the wreath product of A by H indexed by Ω is defined by K⋊φΩH and it is denoted
by
A ≀Ω H.
By the universal embedding theorem (known as the Krasner-Kaloujnine embedding theo-
rem), if G is an extension of A by H, then there exists a subgroup of the wreath product
A ≀Ω H (for some Ω) which is isomorphic to G.
Now, suppose that A is an abelian groups. Then, the set of all irreducible characters
(all are linear) Irr(A) := A∨ = Hom(A,C) is isomorphic to A. Thus, the action of H on A
induces the action on A∨. Precisely, for each x ∈ A∨ and h ∈ H, h·x := φh(x) = x◦φh. Let
[x] be the orbital and Hx be the stabilizer of x under this action. Let U be an irreducible
representation of Hx. We define a representation V([x],U) of G = A⋊φ H as follows. As a
representation of H, we set
V([x],U) := Ind
H
Hx(U) = {f : H −→ U | f(σh) = σf(h), σ ∈ Hx, h ∈ H}.
Next, we introduce an additional action of A on V([x],U) by (af)(h) := (x ◦ φh)(a)f(h).
The combination of these two actions becomes an action of G = A⋊φ H.
It can be shown that (see Theorem 4.75, [5], for example) this representation is inde-
pendent from the choice of x ∈ [x]. Also, if {[x1], . . . , [xk]} is the set of all disjoint orbits
for the action on H on A∨, then
{V([xi],U) |U ∈ Irr(Hxi), i = 1, 2, ..., k},
forms a complete set of irreducible representations of G = A⋊φ H. The character χV of
V := V([x],U), is given by the Mackey-type formula: for each a ∈ A and g ∈ H,
(3.1) χV (a, g) =
1
|Hx|
∑
h∈H:hgh−1∈Hx
x(φh(a))χU (hgh
−1).
In particular, if both A and H are abelian, then formula (3.1) reduces to
(3.2) χV (a, g) =
{
χU (g)
|Hx|
∑
h∈H x(φh(a)) if g ∈ Hx,
0 if g /∈ Hx.
54. Results
Let G = A ⋊φ H, where both A,H are finite abelian groups, and χ be an irreducible
character of G. Let V be an inner product space with dimV = n > 1 and Vχ(G) be a
symmetry class of tensors in the m-folds tensor space V ⊗m. In the the following results,
we denote by Prime(|A|) the set of all prime factors of |A|.
Theorem 4.1. If there is α ∈ Γm,n such that Gα = {e} and |H| /∈ N0〈Prime(|A|)〉, then
Vχ(G) admits o*-basis if and only if χ is linear.
Proof. We write χ for χV([x],U), where U ∈ Irr(Hx). If χ is linear then, by discussion in
Section 2, Vχ(G) admits o*-basis. On the other hand, assume that there is an o*-basis
for Vχ(G). Then, V
∗
α (G) has an o*-basis; say, B = {e
∗
α(a1 ,h1)
, . . . , e∗
α(asα ,hsα)
} for some
(ai, hi) ∈ G, where sα = dimV
∗
α (G).
Since H is abelian, U is linear. Then, by (3.2), Gα = {e := (eA, eH)}, and by Freese’s
theorem, we calculate that
(4.1) sα =
χ(eA, eH)
|Gα|
∑
(a,h)∈Gα
χ(a, h) =
(
χU (eH)
|Hx|
∑
h∈H
x(φh(eA))
)2
= (
|H|
|Hx|
)2.
Moreover, in (3.2),
∑
h∈H x(φh(a)) is an |H|-terms sum of |A|th-roots of unity. Since
|H| /∈ N0〈Prime(|A|)〉, by (2.5) and (3.2), the sum can not be zero. We now conclude that,
for each (a, h) ∈ G,
(4.2) χ(a, h) = 0 if and only if h /∈ Hx.
We claim that hiHx ∩ hjHx = ∅ if i 6= j. Suppose hi = σhj , for some σ ∈ Hx. Since
e∗
α(ai,hi)
and e∗
α(aj ,hj)
are orthogonal and the inner product is G invariant,
0 =
〈
e∗α(ai,hi), e
∗
α(aj ,hj)
〉
=
〈
e∗α, e
∗
α(aj ,hj)(ai,σhj)−1
〉
=
〈
e∗α, e
∗
α(aj ,hj)(φ(σhj )−1
(a−1
i
),(σhj)−1)
〉
=
〈
e∗α, e
∗
α(ajφσ−1(a
−1
i ),σ
−1)
〉
=
χ(e)
|G|
χ(ajφσ−1(a
−1
i ), σ
−1) 6= 0,
by (4.2), which is a contradiction and then the claim becomes true. Therefore,
|H| ≥ sα|Hx|.
By (4.1), we conclude that |Hx| = |H|. This implies that
deg(χ) = χ(eA, eH) = |H|/|Hx| = 1
and hence χ is linear. 
Let Ω be a finite H-set. Then Prime(|A||Ω|) = Prime(|A|). Also, if A is abelian, then
so is K =
∏
ω∈ΩAω, where Aω = A, for each ω ∈ Ω. Hence, the following result is an
immediate fact from Theorem 4.1.
6 Kijti Rodtes and Kunlathida Chimla
Corollary 4.2. Let G = A ≀ΩH, where A,H are finite abelian groups. If there is α ∈ Γm,n
such that Gα = {e} and |H| /∈ N0〈Prime(|A|)〉, then Vχ(G) admits o*-basis if and only if
χ is linear.
Condition for having an o*-basis of symmetry classes of tensors associated to the fol-
lowing type of groups can be obtained from the above theorem as well.
Corollary 4.3. Let V be an inner product space with dimV = n > 1. The symmetry
classe of tensors Vχ(G), associated to the groups G below, admits o*-basis if and only if χ
is linear.
(1) Dihedral group D2s, where s is odd.
(2) Non-abelian groups of order pq.
(3) Z-group G that its order has two prime factors and Gα = {e} for some α ∈ Γm,n.
Proof. (1) The dihedral group D2s is a semi-direct product of Cs = 〈a〉 by C2 = 〈b〉, i.e.,
D2s = Cs ⋊φ C2, where φ : C2 −→ Aut(Cs) is defined by φb(a) = a
−1. Note that |C2| =
2 /∈ N0〈Prime(|Cs|)〉 (because s is odd), and Gα = {e}, where α = (1, 2, 1, ...1) ∈ Γs,n (cf.
[9]). By Theorem 4.1, the conclusion is immediate.
(2) Each non-abelian group G of order pq, where q is prime and p divides q−1, is a semi-
direct product of a cyclic group Cq = 〈a〉 by a cyclic group Cp = 〈b〉, i.e., G = Cq ⋊φ Cp
such that φ : Cq −→ Aut(Cq) is given by φb(a) = a
r, where r is a primitive root of the
congruence zp ≡ 1(mod q), [1]. It is clear that |Cp| = p /∈ N0〈Prime(|Cq|)〉 and Gα = {e},
where α = (1, 2, 1, . . . , 1)) ∈ Γq,n, [14]. Now, the result is immediate by Theorem 4.1.
(3) Note that Z-group G is an extension group of a split short exact sequence of a
cyclic group Cs by a cyclic group Ct, whose orders are relatively primes, [18]. So, it is a
semi-direct product G = Cs ⋊φ Ct, for some φ ∈ Hom(Ct,Aut(Cs)). By the assumptions,
all requirements of the Theorem 4.1 are satisfied and thus the result follows.

In the following results, let G be any finite group. Let χ be an irreducible character of
G, Vχ(G) ≤ V
⊗m, and denote Zχ := {g ∈ G |χ(g) = 0}. Using the same idea as in the
proof of Theorem 4.1, we have:
Theorem 4.4. Suppose that there is α ∈ Γm,n such that Gα = {e}. If there exists a
subgroup H of G such that H ⊆ G \ Zχ and [G : H] < χ(e)
2, then Vχ(G) does not admit
an o*-basis.
Proof. Since Gα = {e}, sα = dim(V
∗
α (G)) = χ(e)
2. Suppose that B = {e∗αg1 , . . . , e
∗
αgsα
} is
an o*-basis of V ∗α (G). We claim that Hgi ∩Hgj = ∅ if i 6= j. Suppose for a contradiction
that h1gi = h2gj , for some 1 ≤ i 6= j ≤ sα and some h1, h2 ∈ H. Then, gjg
−1
i = h
−1
2 h1
and thus
0 =
〈
e∗αgi , e
∗
αgj
〉
=
〈
e∗α, e
∗
αgjg
−1
i
〉
=
〈
e∗α, e
∗
αh−12 h1
〉
=
χ(e)
|G|
χ(h−12 h1) 6= 0,
by (2.2), (2.3) and h−12 h1 ∈ H ⊆ G \ Zχ. Hence, |G| ≥ sα|H|, which completes the
proof. 
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